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Abstract

Inequality indices evaluate the divergence between the income distribution and the hypothetical situation
where all individuals receive the mean income, and are unambiguously reduced by a Pigou–Dalton pro-
gressive transfer. This paper proposes a new approach to evaluate the divergence between any two income
distributions, where the latter can be a reference distribution for the former. In the case where the reference
distribution is perfectly egalitarian – and uniquely in this case – we assume that any progressive transfer
reduces the divergence, and that the divergence can be additively separated into inequality and efficiency
loss. We characterize the unique class of decomposable divergence measures consistent with these views.
We derive the associated relative and absolute subclasses, and we illustrate the applicability of our results.
This approach extends the generalized entropy studied in inequality measurement.
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1. Introduction and overview

When individuals are identical in every aspect other than their respective incomes, theories
of justice agree that an egalitarian distribution might be the best outcome for society as a whole.
In this context, there is a consensus in the literature to use inequality indices, or dominance cri-
teria such as the Lorenz quasi-ordering, for making normative judgments about the fairness of
the income distribution. In practice however, individuals differ in many respects and an equally
distributed income is no longer a social norm. As an immediate consequence conventional in-
equality indices become meaningless, unless other evaluation tools are introduced.

The aim of this paper is to provide a unified framework for the economic analysis of income
distributions, when objectives other than the strict equality of incomes are considered. We build
upon previous works on inequality measurement, by rethinking or extending some usual norma-
tive views. We then identify, through an axiomatic characterization, a large class of measures.
The conditions we impose are fairly reasonable, and not very demanding. More importantly, we
claim that such an approach may shed new light on important issues in inequality measurement.

The cornerstone of the inequality measurement theory is the Pigou–Dalton principle of trans-
fers. This principle states that any progressive transfer from an individual to one poorer than
him – transfer that does not modify the respective positions on the income scale – always re-
duces the inequality. Even if this principle is well established, it is not immune to criticism, and
indeed not universally approved [5]. The principle of transfers actually encapsulates two norma-
tive views. Other things being equal, it first defines a path which characterizes an unambiguous
improvement of the social welfare. Then, it describes a strictly egalitarian distribution as a social
objective, since the equalizing process is completed when all individuals have the mean income.

These two dimensions have been separately investigated and criticized in the literature. First,
whereas the income inequality is unambiguously reduced among the individuals involved in
a progressive transfer, it is not so obvious that the inequality is also decreased in society as a
whole [15]. Some combinations of progressive transfers can modify the distribution in a question-
able direction, resulting for example in an increase in polarization [22,38]. Then, a strictly egal-
itarian distribution does not necessarily appear as a reference point for the social planner. Some
income inequality, for example stemming from differences in personal responsibility – such as
effort – may be viewed as fair, and might not be compensated [6,10,24,35].

In this paper we assume as a first normative requirement that, for any given income distri-
bution (denoted by x), there exists a representative, reference or objective distribution (denoted
by y). This view significantly weakens the second feature of the principle of transfers. Depending
on the situation in which the measure is applied, the reference distribution can be, for example,
fair according to the ethics of responsibility. We do not characterize this reference. We only as-
sume its existence. Hence, other literature has to be invoked to complement our approach. There
are now several possibilities to define what exactly is meant by improvement, holding total in-
come constant, to get closer to the reference distribution. The approach we embrace in this paper
is not really innovative, even if it slightly weakens the standard view of the principle of trans-
fers – according to which a progressive transfer is always a suitable transformation. We assume
that a progressive transfer is always an admissible path if, in the reference distribution, every in-
dividual has the mean income of the initial distribution. But we also assume that the effect of such
a transfer may be ambiguous if the reference distribution is not fully egalitarian. This property is
simply called principle of transfers, even if our definition is weaker than the standard one.

The second normative requirement we impose, relatively new in the literature, involves a sit-
uation where the mean income of the actual distribution x and the reference distribution y may
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be different. We assume that, if the reference distribution is egalitarian – any income c for all –
the measures can be additively decomposed into two components. The first component evaluates
the inequality within the distribution x, or equivalently, the divergence between x and the hy-
pothetical situation where all individuals have the mean. The second component evaluates the
efficiency loss, due to the divergence between the hypothetical situation where all individuals
have the mean and the reference distribution, characterized by the income c for all. This prop-
erty, called judgment separability, is undoubtedly the key element of our approach. Finally, if the
actual distribution corresponds exactly to the distribution the social planner wants to achieve, it
seems fair to recognize that only the status quo is acceptable. This is a consequence of the two
first requirements.

Adding some reasonable conditions to the normative judgments described above, we charac-
terize a large class of decomposable measures which evaluate the divergence between any two
income distributions, where the second one can be a reference for the first. As explained later, we
focus on divergence measures, as opposed to distance measures. What follows is a brief overview
of the measures we obtain

Dn
φ(x ‖ y) =

∑
i∈N

[
φ(xi) − φ(yi) − (xi − yi)φ

′(yi)
]
,

where N denotes the considered population, consisting of n individuals. φ is a twice differen-
tiable and strictly convex function. Traditional inequality indices can be replaced in this context.
As already mentioned, an inequality index implicitly evaluates the divergence between the in-
come distribution under consideration and the hypothetical situation where all individuals have
the mean income. We show that our divergence measures extend the usual decomposable fami-
lies of inequality indices: Under some restrictive conditions, or normalizations, they boil down
to the relative and absolute versions of the generalized entropy initiated by [16,18,36,37].

The evaluation of the divergence between any two income distributions is not really new
in the literature. Cowell [17] characterizes a large class of divergence measures, called mea-
sures of distributional change. Nevertheless our approach is conceptually different, on two main
features, namely, (i) the properties required for the measures, and (ii) the measures obtained.
(i) Since divergence measures generalize inequality indices, Cowell [17] proposes to generalize
the principle of transfers to a property called monotonicity in distance. Whereas it represents an
appropriate extension of the principle of transfers in a more general framework, this property is
quite demanding. The property we impose, called simply principle of transfers, is weaker. More-
over, the measures identified by [17] are not consistent with the other main property we assume,
called judgment separability. (ii) The divergence measures obtained by [17] and the divergence
measures characterized in the present paper are different. Surprisingly enough, both classes of
measures are widely used in information theory and information geometry. The relative mea-
sures identified by [17] are Csiszár f -divergences, independently introduced by [19] and [2].
The measures we obtain are Bregman divergences [12]. A well-known result in information the-
ory is that the classes are distinct, but coincide in one specific case: This divergence – which is
a single measure – is called Kullback–Leibler divergence [29]. Also, Cowell [17] characterized
a class of absolute measures. There is only one divergence at the intersection of this class and
our class, namely the squared Euclidean distance, a generalization of the variance.

This paper is only a first step towards the new direction we propose. Its distinctive feature
lies in the fact that we use one distribution as a reference. Although the characteristics of this
distribution have to be specified, this is not really a weakness. Indeed, it leaves the application
of the measures open to a wide number of fields where income distributions are involved. The
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real question is to preserve the standard principle of transfers, as accepted in this paper, when the
income is equally distributed in the reference distribution. Accordingly, some modifications of
the distributions, such as polarization, cannot be tracked. That seems however to be a necessary
prelude. Based on the results derived here, many extensions can be undertaken, by redefining the
path towards the reference distribution.

The following section sets out the notation and illustrates our framework in the context of
inequality measurement. We introduce in Section 3 the main conditions, namely smoothness,
judgment separability, anonymity and the principle of transfers, which will be imposed on all
divergence measures. We isolate a class of measures compatible with them. The class is charac-
terized by a single evaluation function. The consistency with the principle of transfers, combined
with the anonymity requirement, is captured by the strict Schur-convexity of this function. We
then focus on decomposable measures, consistent with a non-negativity requirement. The im-
plication is an additive structure. The entire class, compatible with all the properties, is finally
identified. Section 4 hints at some directions to refine the general class by way of normalizations.
We also discuss the relationship with the related literature. Section 5 concludes the paper and il-
lustrates how the measures can be applied. We focus on the analysis of households with differing
needs, the ethics of responsibility, and mobility measurement.

2. The framework

We consider a population N := {1,2, . . . , n} consisting of n � 1 individuals. An income
distribution for population N is a list x := (x1, x2, . . . , xn), where xi ∈ D is the income of
individual i ∈ N , and D is a closed and bounded interval of the real line R. Given a distri-
bution x ∈ Dn, the mean income is indicated by μ(x) := ∑n

i=1 xi/n. We will write μ(x) or
sometimes μ for the mean of x if no ambiguity arises. We denote the normalized distribu-
tion of x ∈ Dn as x̂ := (x̂1, x̂2, . . . , x̂n) and the centered distribution as x̃ := (x̃1, x̃2, . . . , x̃n),
where respectively x̂i := xi/μ and x̃i := xi − μ for all i ∈ N . We let 1n := (1, . . . ,1) repre-
sent a list where 1 is repeated n times. Then, we define Dn :Dn × Dn −→ R as a function
which evaluates the divergence between two income distributions in Dn of the same size.1 A di-
vergence measure consists of a countable sequence {Dn: n = 1,2, . . .}, which contains exactly
one function Dn for every population size n � 1. In order to simplify notation we let, in the
following, Dn indicate a measure where n is treated as a parameter. Mathematically speaking,
a divergence measure is different from a distance measure, as it needs to neither be symmet-
ric nor satisfy the triangle inequality. To emphasize this point, we write Dn(x ‖ y), instead of
Dn(x,y), in what follows for any divergence Dn. At this stage, no assumptions are imposed
on Dn.

In this paper, y is considered as a representative, reference or objective distribution of x,
from which the latter distribution is compared. Traditional inequality indices can be viewed in
this framework, letting the reference distribution explicit. For example, Shorrocks [36,37] char-
acterizes the following additive divergence:

1 The requirement of a common size for both distributions can be perceived as a severe restriction to make a divergence
measure applicable in practice, since it is unusual to observe two empirical distributions with such a common characteris-
tic – unless one distribution is explicitly constructed from the other. Nevertheless empirical distributions are traditionally
divided in quantiles, and each quantile is represented by the mean income within the quantile. Then the empirical distri-
butions are replaced by the distributions of quantile means, and the common size of the distributions corresponds to the
fixed number of such points.
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Dn(x ‖ μ1n) =
∑
i∈N

[
φ(xi) − φ(μ)

]
, (1)

where the reference distribution is the mean income of x for all the individuals, and φ :D −→ R
is a strictly convex function. The author then deduces, by an appropriate normalization, a large
family of inequality indices called in this paper generalized relative entropies. If the population
can be partitioned into disjoint subgroups, the reference income of a subgroup becomes the sub-
group mean. The mean income for all as reference distribution is not the only possibility. Other
reference distributions have been studied in the literature, with the common characteristic to de-
fine a unique reference income for all the individuals within the population (or the subgroup).
For example, Blackorby et al. [8] argue that the subgroup mean has to be replaced by the equally-
distributed-equivalent income of the subgroup, and Foster and Shneyerov [25,26] justify the use
of the q-order mean. We propose in this paper to weaken this view. We let flexible the choice of
the reference distribution, so that each individual can have his own reference income.

3. A class of decomposable divergence measures

We characterize a large class of divergence measures, by extending the usual framework of
the inequality measurement theory. The main feature of our approach is to let y be the reference
distribution of x in the majority of the properties required for the measures.

Property 1 (Smoothness). For all x,y ∈ Dn, Dn(x ‖ y) has continuous first-order partial deriva-
tives.

It corresponds to a regularity condition which implies that small changes in the distributions x

or y result in small changes in the divergence. We assume the differentiability of Dn, essentially
for mathematical convenience. This condition could be weakened, but at the cost of openness in
the characterization. Note that the differentiability is not useful until Theorem 1.

Property 2 (Judgment separability). For all x ∈ Dn and all c ∈ D , we have

Dn(x ‖ c1n) = Dn(x ‖ μ1n) + Dn(μ1n ‖ c1n). (2)

Judgment separability is the key property for our analysis. Suppose that the reference dis-
tribution y ∈ Dn is equally distributed among the individuals, such that yi = c for all i ∈ N .
This property assumes that the divergence between the actual distribution x and the reference
distribution c1n is additively separable into two components. The first component evaluates the
inequality within the distribution x, which corresponds to the divergence between x and the
hypothetical situation where all individuals have the mean income μ. The second component
evaluates the efficiency loss which results from the divergence between the mean income μ and
the social objective c. Put precisely, the second component measures the divergence between
the hypothetical situation where all individuals have μ and the hypothetical situation where all
individuals have c.

We complete the framework by incorporating two standard assumptions of normative eco-
nomics, in order to define the preference for equality.

Property 3 (Anonymity). For all x,y ∈ Dn and all n × n permutation matrix Π , we have
Dn(xΠ ‖ yΠ) = Dn(x ‖ y).
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Anonymity means that the evaluation of the divergence between the actual distribution x and
the reference distribution y is not affected by a permutation of the identity of the individuals.
Note that a measure Dn, consistent with Property 3, is invariant to a simultaneous and identical
permutation for both distributions x and y. A stronger version of this property – which does
not make sense in our framework – should be to require that Dn(xΠ ‖ yΠ ′) = Dn(x ‖ y) for
two, possibly different, n × n permutation matrices Π and Π ′. Then, it is typically assumed that
inequality is reduced by a transfer of income from a richer to a poorer individual. Precisely, given
two distributions x,x′ ∈ Dn, we will say that x′ is obtained from x by means of a progressive
transfer if there exist an income amount � > 0 and two individuals h, k ∈N such that:

x′
i = xi, ∀i �= h, k, and (3a)

x′
h = xh + � � xk − � = x′

k. (3b)

By analogy with the inequality literature, we assume that a progressive transfer unambiguously
reduces the divergence between x and the reference distribution, whenever this last distribution
is the mean income of x for all the individuals, but only in this case.

Property 4 (Principle of transfers). For all x,x′ ∈ Dn, if x′ is obtained from x by means of a
progressive transfer, then we have Dn(x ‖ μ1n) > Dn(x′ ‖ μ1n).

As noted earlier, the notion of progressive transfer does not make sense in the general situation
where the reference distribution is not egalitarian. In accordance with this, our definition of the
principle of transfers does not require that for all x,y ∈ Dn, if x′ is obtained from x by means
of a progressive transfer, then Dn(x ‖ y) > Dn(x′ ‖ y). We say that a function φn :Dn −→ R
is strictly Schur-convex if for all distributions x ∈ Dn and an n × n bistochastic matrix B , we
have φn(x) > φn(xB) whenever xB is not a permutation of x, and φn(x) = φn(xB) otherwise
(see [32]). If we add anonymity and the principle of transfers to Properties 1 and 2 we obtain the
following proposition. All the proofs are in Appendix A.

Proposition 3.1. If a measure Dn satisfies Properties 1 to 4, then there exists a continuous and
strictly Schur-convex function φn :Dn −→ R, such that for all x ∈ Dn, we have

Dn(x ‖ μ1n) = φn(x) − φn(μ1n). (4)

By the Schur-convexity of φn, we have Dn(x ‖ μ1n) � 0 for all x ∈ Dn. Hence, Proposi-
tion 3.1 isolates an extended class of entropy measures, possibly non-additive, which admits as
a special case the measure presented in (1) and proposed by [36,37]. This extension is familiar
from the measurement of social welfare. In particular, the well-known utilitarian model, with
a strictly concave utility function, is an additive subclass of the general family of the strictly
Schur-concave social welfare functions.

Property 5 (Non-negativity). For all c, c′ ∈ D , we have D1(c ‖ c′) � 0.

Non-negativity might be imposed for all the values n � 1 of the measure Dn. Nevertheless,
non-negativity for n = 1 is sufficient to obtain our main characterization result.

In this paper, we only focus on decomposable measures. To clarify this, assume that the whole
population N can be decomposed into G subgroups Ng consisting of ng individuals each. Pre-
cisely, we let {N1,N2, . . . ,NG} be a partition of N . The income distribution of subgroup g is
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denoted by xg := (xg,1, xg,2, . . . , xg,ng ) ∈ Dng , with mean income μg ≡ μ(xg). The following
property was introduced by [23]:

Property 6 (Decomposability). For all x,y ∈ Dn with n � 2, and a partition {N1,N2} of N , we
have

Dn(x ‖ y) = Fn
(
Dn1(x1 ‖ y1),D

n2(x2 ‖ y2)
)
, (5)

where Fn : R × R −→ R is a continuous function.

It is not required here that the function Fn is strictly increasing in its arguments. Yet, this is
a consequence of the consistency with the principle of transfers and the non-negativity assump-
tion, as observed in the following result.

Proposition 3.2. If a measure Dn satisfies Properties 1 to 6, then the function Fn in (5) is
symmetric and it is strictly increasing on R+ × R+. Furthermore, Fn(0,0) = 0, so Fn(R+ ×
R+) ⊆ R+.

Therefore, for all distributions x,y ∈ Dn, under Properties 1 to 6, Dn(x ‖ y) � 0 and the
equality holds if and only if x = y. Thus Dn attains its minimum value if the distribution x under
consideration is exactly equal to the reference distribution y. The following result demonstrates
that under Property 6, the measure Dn has an additive structure.

Proposition 3.3. If a measure Dn satisfies Properties 1 to 6, then Dn(x ‖ y) = ∑
i∈N D1(xi ‖

yi), for all x,y ∈ Dn.

Decomposability has a rather strong implication: It automatically excludes non-separable
measures that belong to the class of rank-dependent inequality indices, such as the Gini index.2

Nevertheless, the class of decomposable divergence measures is sufficiently large to encompass
many inequality indices, such as the generalized relative and absolute entropies, or the – ordinally
equivalent – Atkinson–Kolm–Sen and Kolm–Pollak families of normative indices.

We now present the main result of this paper:

Theorem 1. A measure Dn satisfies Properties 1 to 6 if and only if Dn ≡ Dn
φ where, for all

x,y ∈ Dn:

Dn
φ(x ‖ y) :=

∑
i∈N

[
φ(xi) − φ(yi) − (xi − yi)φ

′(yi)
]
, (6)

and φ :D −→ R is a twice differentiable and strictly convex function.

The measure Dn
φ is not really new: It is well known and widely used in information theory;

It is called Bregman divergence [12,4]. An alternative characterization is proposed by [7] in
information theory.

We have proposed in this section an intuitive and relatively undemanding extension of stan-
dard inequality measures, which can be written in the form (1). The only new requirement is

2 Property 6 is, actually, the strong version of decomposability in [23].
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Property 2, namely judgment separability. We will discuss this property in Section 4.2. Moreover,
Property 2 implies an asymmetric structure for Dn

φ , which is discussed in Section 5 (application
to mobility measurement).

4. Subclasses and relationship with the literature

4.1. Normalized divergence measures

This section aims at refining the measures Dn
φ characterized in Theorem 1. It clarifies the

relationship with earlier work on information theory and distributional changes. To apply the
measures to real data, we need to introduce some parametric functions φ. Consider for exam-
ple the strictly convex function, associated to the generalized relative entropies [36]. Letting
D ⊆ R++, we have

φr(c) :=
⎧⎨
⎩

1
r(r−1)

cr , if r �= 0,1,

c ln c, if r = 1,

− ln c, if r = 0.

(7)

Hence, it follows that:

Dn
φr

(x ‖ y) =

⎧⎪⎨
⎪⎩

1
r(r−1)

∑
i∈N [xr

i + (r − 1)yr
i − rxiy

r−1
i ], if r �= 0,1,∑

i∈N [xi ln(xi/yi) + yi − xi], if r = 1,∑
i∈N [xi/yi − ln(xi/yi) − 1], if r = 0.

(8)

This subclass is known in information theory and statistics as Bregman–Csiszár divergences [20].
It generalizes the Kullback–Leibler divergence (if r = 1) and Itakura–Saito divergence (if r = 0).
We can also consider the following function, that has been used implicitly by [9] to characterize
the generalized absolute entropies (D ⊆ R):

φa(c) :=
{

eac, if a �= 0,

c2, if a = 0,
(9)

so that:

Dn
φa

(x ‖ y) =
{∑

i∈N [eaxi − eayi − a(xi − yi)e
ayi ], if a �= 0,∑

i∈N (xi − yi)
2, if a = 0.

(10)

When a = 0, Dn
φa

corresponds to the squared Euclidean distance. Without constraint on a, to the
best of our knowledge, no similar family exists in information theory.

The measures presented in (8) and (10) are of particular interest. It is common practice, in
the literature, to supplement the axiomatic framework by normalization requirements. It is usu-
ally assumed that an identical replication of the population, or unilateral scale transformations
of the distributions x and y, should not impact the measure. These properties are respectively
called principle of populations and scale invariance. Magdalou and Nock [31] have established
that a measure is consistent with Properties 1 to 6, and these new properties if and only if it
can be written as Ir (x ‖ y) = Dn

φr
(x̂ ‖ ŷ)/n, up to an increasing transformation. If translation

invariance is substituted for scale invariance, then Ia(x ‖ y) = Dn
φa

(x̃ ‖ ỹ)/n, up to an increasing
transformation.

Our approach is closely related to the literature on distributional changes, initiated by [17].
In order to simplify the comparison, let μ(x) = μ(y). The author characterizes two classes of
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additively decomposable measures. Depending on the invariance axiom which has to be imposed,
the unnormalized Cowell’s measures can be written as, respectively (D ⊆ R++):

Kn
f (x ‖ y) :=

∑
i∈N

yif

(
xi

yi

)
, or Kn

g (x ‖ y) :=
∑
i∈N

g(xi − yi), (11)

where f = φr and g = φa as defined, respectively (and up to a linear transformation), in (7)
and (9). Measures Kn

f are known in information theory as Csiszár f -divergences [19,2] and coin-
cide with Dn

φr
if and only if f (c) = φr(c) = c ln(c). In that case one obtains the Kullback–Leibler

divergence. Equivalently, the measures Kn
g coincide with Dn

φa
if and only if g(c) = φa(c) = c2.

One obtains the squared Euclidean distance. We stress the consistency of our class to the Cowell’s
condition of monotonicity in distance.

4.2. Inequality measurement

If, for any given distribution, the reference distribution is that obtained by allocating the
mean income to each individual, then divergence reduces to inequality. Noting that

∑
i∈N (xi −

μ)φ′(μ) = 0, it follows from Theorem 1 that:

Dn
φ(x ‖ μ1n) =

∑
i∈N

[
φ(xi) − φ(μ)

]
, (12)

where φ is a strictly convex function. This class was independently introduced in information
theory by [13] – now known as Burbea–Rao divergences – and in inequality measurement
by [36,37]. Due to the anteriority of Shorrocks’ paper, these may be called Shorrocks–Burbea–
Rao divergences. If we consider the above-mentioned normalized measures Ir (x ‖ μ1n), we
obtain the generalized relative entropies [16,18,36,37]. If Ia is substituted for Ir , we deduce the
generalized absolute entropies [14,9].

Now, we discuss our axiomatic framework, in comparison with the special case (12) char-
acterized by [37]. All our axioms are almost equivalent, setting aside our Properties 2 and 5
(judgment separability and non-negativity).3 These properties are replaced in Shorrocks by the
normalization condition Dn(μ1n ‖ μ1n) = 0. In the particular case of inequality measurement,
the non-negativity is implied by the principle of transfers. That has to be imposed in the general
framework (Property 5). The only significant difference is Property 2. That might be consid-
ered as a rather strong requirement, since it imposes an additive and unweighted structure on the
trade-off between inequality and efficiency loss.

We first observe that Property 2 is sufficient to have the Shorrocks’ normalization, if we are
only concerned by inequality. Indeed, it implies that Dn(c1n ‖ c1n) = 2Dn(c1n ‖ c1n) = 0 for
all c ∈ D , and consequently Dn(μ1n ‖ μ1n) = 0. Then, the same trade-off is implicitly assumed
in inequality measurement. To bring out this point, consider that the whole population N can be
partitioned into G disjoint subgroups Ng , with mean μg . From Property 2, we have D

ng

φ (xg ‖
c1ng ) = D

ng

φ (xg ‖ μg1ng ) + D
ng

φ (μg1ng ‖ c1ng ) for each subgroup g = 1,2, . . . , G. Note that c

can be equal to the global mean μ. Now, adding decomposability (Property 6), we have

3 As only difference, we extend the notion of anonymity to a more general framework and we assume, by mathematical
convenience, differentiability of the measure.
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Dn
φ(x ‖ c1n) =

G∑
g=1

D
ng

φ (xg ‖ μg1ng ) +
G∑

g=1

ngD
1
φ(μg ‖ c), (13)

or equivalently:

Dn
φ(x ‖ c1n) = Dn

φ(x1, . . . ,xG ‖ μ11n1, . . . ,μG1nG)

+ Dn
φ(μ11n1, . . . ,μG1nG ‖ c1n). (14)

Eqs. (13) and (14) state that the divergence between x and c1n can be expressed as the sum of a
within-subgroup component which measures the divergence, within each subgroup, between the
incomes and the subgroup mean, and a between-subgroup component, which computes the diver-
gence between the subgroup means and c, taking into account the size of the subgroups. Thus,
the usual additive decomposability condition [11,36] for inequality measures, in its unweighted
form, follows from judgment separability and decomposability in our framework. The weights
then result from the relative or absolute normalization procedure.

Shorrocks [37] shows that a rather weak aggregation rule (similar to our decomposability
condition) implies an additively decomposable structure on the inequality indices. Our results
suggest that the judgment separability assumption, implicit in inequality measurement, is also
involved. Thus, a weakening of this property – by way of a more general trade-off between
inequality and efficiency loss – supplemented by a weaker decomposability assumption, might
be a solution in order to not exclude non-separable measures. This question falls beyond the
scope of this paper.

5. Applications and discussion

We now briefly illustrate some possible applications of our results. Although this paper is
devoted to the analysis of income distributions, the measures we have introduced are clearly
applicable to many types of distributions and economic issues. By way of a conclusion, we also
mention some other directions.

Households with differing needs. In practice, income distributions are collected from house-
holds that differ in many respects. Given the single adult as a reference household type, the usual
procedure consists in first deflating the household’s income by a scale factor that reflects its
needs, and then weighting the resulting income by the number of persons in the household. Once
this is done, conventional inequality measures are applied to the so-called household equivalent
incomes. Drawing on the works of [27] and [33], Jenkins and O’Higgins [28] proposed an alter-
native to the above-described two steps procedure, namely a norm income approach. First, the
social planner determines the income each household should have from an equity point of view,
taking into account the differences in equity-relevant characteristics – especially size and needs –
between households. The divergence between the actual distribution and the reference distribu-
tion can then be evaluated by quasi-orderings (comparable to the Lorenz criterion) or synthetic
indices. Our measures appear to be sensible candidates.

Ethics of responsibility. The issue of individual responsibility and the distinction between
fair and unfair inequalities have been the subject of much attention in the contemporary theo-
ries of justice. These considerations cannot be taken into account by the conventional inequality
measures. Indeed, they evaluate a strict egalitarian income distribution as the best outcome. The
degree of unfairness can be quantified by the divergence between the actual distribution of in-
dividual incomes and the fair distribution, which is obtained applying responsibility-sensitive
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fairness principles. Devooght [21] and Almas et al. [3] are recent attempts to introduce, and test
on real data, measures of unfairness. It might be interesting to analyze the relationship with our
measures.

Mobility measurement. All the axioms we impose are consistent with the measurement of in-
come mobility.4 According to [23], we shall regard income mobility as arising from two sources:
transfer of money among individuals with total income held constant, and changes in the total
income available. The larger the changes in the individual incomes, the more mobility there is.
To give an illustration in our framework, consider a cohort of individuals alive for at least two
periods. We define the reference distribution y as the situation in the first period, and y′ and y′′
as two possible distributions for the second period. Using Dn

φ , we will say that there is more
income mobility from y to y′, than from y to y′′, if and only if Dn

φ(y ′ ‖ y) > Dn
φ(y′′ ‖ y). We

now compare Dn
φ to the symmetric measures of [23]. Both classes are equivalent with respect to

the first source of mobility, namely transfer mobility. This dimension is encapsulated by the con-
sistency with the Cowell’s condition of monotonicity in distance. In our case, it is captured by the
convexity of φ. But the classes significantly differ with respect to the second source of mobility,
namely growth mobility. Consider that y′ and y′′ are obtained from y by a similar increment of
income, allocated to only one individual, and assume that the recipient is initially poorer in y′
than in y′′. In the sense of Fields and Ok’s measures, the mobility is equivalent from y to y′ or
from y to y′′. In our framework, if φ is decreasing [resp. increasing], then there is more [resp.
less] mobility from y to y′ than from y to y′′. This is a consequence of the asymmetric structure
of Dn

φ .5 This feature seems sensible in the case where the social planner wants to give priority to
the poor in the notion of mobility (letting φ decreasing).

As a final note it is worth emphasizing that the measures we have introduced in this pa-
per do have rich applications outside the field of income inequalities. First, Dn

φ can be used as
a goodness-of-fit measure of a statistical model. For example, Pardo [34] proposes minimum
Burbea–Rao divergences (a subclass of our measures) as goodness-of-fit tests and analyzes the
relationship with maximum likelihood and khi-squared methods. Another subfield of economics
which can be investigated is decision-making under risk and uncertainty. Recently, Maccheroni
et al. [30] have characterized a class of ambiguity indices, which can be written as divergences.
In their paper, the authors consider Csiszár f -divergences (see Section 4.1). We claim that the
measures Dn

φ can also be applied. These questions might be the object of future investigations.

Appendix A. Proofs of the results

Proof of Proposition 3.1. Consider a distribution x ∈ Dn and a constant c ∈ D , and assume that
Properties 1 to 4 are satisfied. From Property 2, we deduce that:

Dn(x ‖ μ1n) = Dn(x ‖ c1n) − Dn(μ1n ‖ c1n). (A.1)

Since this holds for all x ∈ Dn and all c ∈ D , and the left-hand side of (A.1) does not depend
on c, the right-hand side cannot depend on c. Thus there exists a function φn :Dn −→ R such
that Dn(x ‖ μ1n) = φn(x) − φn(μ1n). From Property 1, φn is continuous. Now consider two
distributions x,x′ ∈ Dn and suppose that x′ is obtained from x by means of a permutation or

4 In that sense, we emphasize that our anonymity requirement is weaker than the standard one in the theories of
inequality, and consistent with mobility measurement.

5 Note that the symmetry in [23] is not explicitly imposed, but a consequence of other axioms.
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a progressive transfer from individual k to h, as described in (3). After simplification, it fol-
lows

Dn(x ‖ μ1n) − Dn
(
x′ ‖ μ1n

) = φn(x) − φn
(
x′). (A.2)

Applying Property 3, the left-hand side of (A.2) is equal to 0 if x′ is a permutation of x. From
Property 4, the left-hand side of (A.2) is strictly positive if x′ is obtained from x by means of
a progressive transfer. Hence φn is strictly Schur-convex. �
Proof of Proposition 3.2. Consider two distributions x,y ∈ Dn, and assume that Properties 1
to 6 are satisfied. The symmetry of the function Fn in (5) comes from Property 3. If xi = yi = c

for all i ∈ N , we know from Property 2 that Dn(c1n ‖ c1n) = 2Dn(c1n ‖ c1n) = 0 whenever
n � 1. Also, applying Property 6, Dn(c1n ‖ c1n) = Fn(Dn1(c1n1 ‖ c1n1),D

n2(c1n2 ‖ c1n2)).
Thus Fn(0,0) = 0. The rest of the proof consists in two steps. In the first step we show that
Fn(R+ × R+) ⊆ R+, under the assumption that Fn(u, v) is strictly increasing in u and v. This
assumption is proved in the second step.

Step 1. In order to simplify the notation, let ui := D1(xi ‖ yi) for all i ∈ N such that
D2(x1, x2 ‖ y1, y2) = F 2(u1, u2). We know from Property 5 that u1, u2 ∈ R+. Thus the do-
main of F 2 is R2+. Now suppose that F 2(u1, u2) is strictly increasing in u1 and u2. In that
case, with F 2(0,0) = 0, the range of F 2 is R+. Moreover we have D3(x1, x2, x3 ‖ y1, y2, y3) =
F 3(F 2(u1, u2), u3). If F 3 is strictly increasing in its arguments then, with F 3(0,0) = 0, we have
F 3(R+ × R+) ⊆ R+. By successive decompositions and using the same reasoning, we deduce
that Fn(R+ × R+) ⊆ R+.

Step 2. It remains to prove that Fn(u, v) is strictly increasing in u and v, for all u,v ∈ R+.
Let μ ≡ μ(x). From Proposition 3.1, we have Dn(x ‖ μ1n) = φn(x) − φn(μ1n) with φn a con-
tinuous and strictly Schur-convex function, such that Dn(x ‖ μ1n) � 0. Thus we can pick any ar-
bitrary u,v ∈ R+ and choose x,y ∈ Dn such that x := (x1,x2), y := μ1n, Dn1(x1 ‖ μ1n1) = u

and Dn2(x2 ‖ μ1n2) = v. It follows from Property 6 that Dn(x ‖ μ1n) = Fn(u, v). Now con-
sider the distribution x′

1 obtained from x1 by means of a progressive transfer. If we define
u′ := Dn1(x′

1 ‖ μ1n1), we know that u′ ∈ R+ and it follows from Properties 2 and 4 that u > u′.
Letting x′ := (x′

1,x2), we have Dn(x′ ‖ μ1n) = Fn(u′, v). If x′
1 is obtained from x1 by means

of a progressive transfer, then x′ is also obtained from x by means of a progressive transfer.
Thus, from Property 4, we have Dn(x ‖ μ1n) > Dn(x′ ‖ μ1n). We conclude that u > u′ implies
Fn(u, v) > Fn(u′, v), which signifies that Fn is strictly increasing in its first argument. The same
reasoning can be applied for the second argument of Fn. �
Proof of Proposition 3.3. The proof consists in three steps. Step 1 and the end of step 3 are,
respectively, based on Theorems 1 and 3 in [23].

Step 1. Consider two distributions x,y ∈ Dn+1 and c ∈ D such that x := (x1, c1n), y :=
(y1, c1n). Pick an arbitrary u ∈ R+ and choose x1 and y1 such that D1(x1, y1) = u. From Prop-
erty 6 one observes that:

Dn+1(x ‖ y) = Fn+1(u,0) = Fn+1(u,Fn(0,0)
) = Fn+1(Fn(u,0),0

)
. (A.3)

Thus Fn+1(u,0) = Fn+1(F n(u,0),0). Since Fn+1 is strictly increasing in its arguments, we
have Fn(u,0) = u. Hence it follows

Fn(u, v) = Fn+1(Fn(u, v),0
) = Fn+1(u,Fn(v,0)

) = Fn+1(u, v), (A.4)

or equivalently Fn = Fn+1 for all n � 2. We conclude that F(F(u, v),w) = F(u,F (v,w))

for all u,v,w ∈ R+. So F is an associative function. The prerequisites of Aczel’s theorem on
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associative functions [1, Theorem, p. 254] are satisfied, hence there exists an invertible function f

such that:

F(u, v) = f
(
f −1(u) + f −1(v)

)
, ∀u,v ∈ R+. (A.5)

The following steps are devoted to prove that f is linear.
Step 2. Consider two incomes c, c′ ∈ D and let D1(c ‖ c′) = u ∈ R+. From Property 6

and Eq. (A.5), we deduce that D2(c, c ‖ c′, c′) = F(u,u) = f (2f −1(u)). Then D3(c, c, c ‖
c′, c′, c′) = F(F(u,u),u) = F(f (2f −1(u)), u), or equivalently:

D3(c, c, c ‖ c′, c′, c′) = f
(
f −1[f (

2f −1(u)
)] + f −1(u)

) = f
(
3f −1(u)

)
. (A.6)

By successive applications of this reasoning, one obtains

Dn
(
c1n ‖ c′1n

) = f
[
nf −1(D1(c ‖ c′))], ∀n � 1, ∀c, c′ ∈ D . (A.7)

Step 3. Pick any arbitrary u,v ∈ R+ and choose x ∈ D2 with mean μ ≡ μ(x) and c ∈ D ,
such that D2(x1, x2 ‖ c, c) = u and D1(μ ‖ c) = v. From Property 6 one observes that:

D3(x1, x2,μ ‖ c, c, c) = F(u, v). (A.8)

Moreover, from Property 2, it follows that:

D3(x1, x2,μ ‖ c, c, c) = D3(x1, x2,μ ‖ μ,μ,μ) + D3(μ,μ,μ ‖ c, c, c). (A.9)

The first term of the right-hand side of (A.9) is such that:

D3(x1, x2,μ ‖ μ,μ,μ) = F
(
D2(x1, x2 ‖ μ,μ),D1(μ ‖ μ)

)
= F

(
D2(x1, x2 ‖ μ,μ),0

)
. (A.10)

From step 1, we know that F(w,0) = w, thus D3(x1, x2,μ ‖ μ,μ,μ) = D2(x1, x2 ‖ μ,μ).
From Property 2, we can write D2(x1, x2 ‖ μ,μ) = D2(x1, x2 ‖ c, c) − D2(μ,μ ‖ c, c), from
which:

D3(x1, x2,μ ‖ μ,μ,μ) = D2(x1, x2 ‖ c, c) − D2(μ,μ ‖ c, c). (A.11)

Reintroducing (A.11) into (A.9), it follows

D3(x1, x2,μ ‖ c, c, c) = D2(x1, x2 ‖ c, c) + D3(μ,μ,μ ‖ c, c, c)

− D2(μ,μ ‖ c, c). (A.12)

By using step 2 and (A.7), there exists a function H such that D3(μ,μ,μ ‖ c, c, c) − D2(μ,μ ‖
c, c) = H(D1(μ ‖ c)). Hence one concludes that D3(x1, x2,μ ‖ c, c, c) = D2(x1, x2 ‖ c, c) +
H(D1(μ ‖ c)), or equivalently F(u, v) = u + H(v). From Property 3 the function F is symmet-
ric, and also F(u, v) = H(u) + v. Using the same arguments as developed in [23, Theorem 3],
we deduce that f −1(u) = Au where A > 0 in (A.5). By successive decompositions, one finally
obtains Dn(x ‖ y) = ∑

i∈N D1(xi ‖ yi) from (A.5). �
Proof of Theorem 1. Consider two distributions x,y ∈ Dn and assume that Properties 1
and 6 are satisfied. From Proposition 3.1, we have Dn(x ‖ μ1n) = φn(x) − φn(μ1n) where
φn is strictly Schur-convex. Consequently φn is symmetric and for all n � 1, it follows that
φ1(x) = φn(x,0, . . . ,0) = φn(0, x,0, . . . ,0) = · · · = φn(0,0, . . . ,0, x). From Proposition 3.3,
we have Dn(x ‖ μ1n) = ∑

i∈N D1(xi ‖ μ). Thus Dn(x ‖ μ1n) = ∑
i∈N [φ(xi) − φ(μ)], where

we let φ1 ≡ φ. Thus φn(x) = ∑
i∈N φ(xi) for all x ∈ Dn. Since φn is strictly Schur-convex, we
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know from [32, Proposition C.1.a, p. 64], that φ is strictly convex. Reintroducing Dn(x ‖ μ1n)

into (2) and using the additive structure of Dn, one obtains∑
i∈N

[
D1(xi ‖ c) − φ(xi)

] =
∑
i∈N

[
D1(μ ‖ c) − φ(μ)

]
. (A.13)

From Property 1, D1 is differentiable. We let D1
xk

(xk ‖ c) := ∂D1(xk ‖ c)/∂xk and φ′(xk) :=
∂φ(xk)/∂xk for all k ∈ N . Differentiating (A.13) with respect to xi , xj and subtracting, one
deduces that:

D1
xi

(xi ‖ c) − φ′(xi) = D1
xj

(xj ‖ c) − φ′(xj ), ∀i, j ∈N . (A.14)

So, there exists a function ψ :D −→ R, such that:

D1
xk

(xk ‖ c) − φ′(xk) = ψ(c). (A.15)

From Property 1, ψ is continuous. From Proposition 3.2, we know that D1(xk ‖ c) � D1(c ‖
c) = 0. Thus D1

xk
(c ‖ c) = 0. Letting xk = c in (A.15), one deduces that ψ(c) = −φ′(c). Because

(A.15) holds for all c ∈ D , we can let c = yk . One obtains

D1
xk

(xk ‖ yk) − φ′(xk) + φ′(yk) = 0. (A.16)

By integrating it follows that:

D1(xk ‖ yk) − φ(xk) + xkφ
′(yk) = ϕ(yk). (A.17)

Also we know that D1(yk ‖ yk) = 0. Thus, letting xk = yk in (A.17), we have ϕ(yk) = −φ(yk)+
ykφ

′(yk). One concludes

D1(xk ‖ yk) = φ(xk) − φ(yk) − (xk − yk)φ
′(yk). (A.18)

From Property 1, D1 is differentiable in its arguments. Hence φ is twice differentiable. Recalling
that Dn(x ‖ y) = ∑

k∈N D1(xk ‖ yk), one obtains the desired result. The sufficiency part of the
proof does not present difficulties and is left to the reader. �
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